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1 Extension of Functional Calculus and Proof of The Spec-
tral Theorem
1.1 Proof of the spectral theorem for self-adjoint operators

So far, we’ve constructed continuous functional calculus: a map C([a, b]) — Bsa(H ) sending
f— f(T) which is

e linear,

o f(g)(T) = f(T)g(T),

e fzg9g = [(T)=y(T),
o 1(T) =1,

o [[F(DI = [[fllsup-

If (fn)n is a sequence in C([a,b]) with f, > 0 and f,(z) | g(x) for all z € [a,b], then
we want to define g(7") by (¢(T)z,y) = lim, (f,(T)z,y). Last time, we showed that this
limit exists (as a weak operator topology limit).

Lemma 1.1. Suppose fp, fi | g. Then the limit, g(T), is the same.

Proof. Let f,, fl | g. For every z, ¢ > 0, and n € N, there exists an n’(x,e) such that
[l (x) < g(x)+¢e < fu(x) +e. Then for each n € N, ¢ > 0 and z, we get n'(n,z,¢) and a
neighborhood U (n, z,¢) of x such that f,,|v, .. < (fo +€)|luma.e)- Choose x1,...,2; such
that Ji_, U(n,2i,€) = [a,b]. Let n” = max(n'(n,z1,¢),...,n (n,24,¢€)). Now f, < fo+e
on [a,b]. Then f.,(T) < fu(T) + eI, so limyr f,(T) < fu(T) + € for all n,e. Since
e is arbitrary, and by symmetry, we get that lim f)(T) < lim, f,(T) and lim f}(T) >
lim,, f,(T"). So the limits are equal. O

Now, if we have f, | g > 0, we get g(T") > 0. This is



o still additive: If f,, | g, f), | ¢;, then f, + f, L g+ ¢’. We have

(g+gNT) = WOLm(fn(T) + £,,(T)) = g(T) + ¢'(T).

Lemma 1.2. If f, L ¢ >0, and f], | g, > 0, then

(99')(T) = g(T)g'(T).

Proof. We have f,,f) | gq’, so (9¢')(T") = WO lim,, (f, f,)(T). We want to show that the is
the product of the limits of f,(T) and f/(T). By polarization, it is enough to show that
lim, ((fuf})Tx,z) = limy, limy, (f,(T)f.(T)z,z). The limit of the diagonal terms is the
same as lim,, lim,, because the array is decreasing in n,m (a basic real analysis fact). [

Given A infa,b] and n € N, define

1 t< A
M) =< —n(z—(A+1/n)) A<t<A+1/n
0 t>A+1/n

Then @) | 1(_oo ] as n — 0o. Define E()) := lim, o (T).
Here are the properties of E()):

1. E()) is self adjoint (as a WO limit of self-adjoints).
2. E(N) = 1_oo(T) = Il%foo’)\] (T) = E(\)2.
3. If A > p, then

E(EQX) = EMNE(1) = (L(—oo L (—o0u)(T) = E(p).

4. Declare E(\) =0 if A < a and E(b) = lim,, 1(T) = 1.

5. Fix A € [a,b]. Then E(u)r — E(ANx as pu | A for all x € H. Equivalently,
(E(p) — EQA))z, x) — 0.

To show this, we know (E(\)z,z) = lim, (¢)(T)z,z). Pick n large enough so that
{(op(T)z,z) < (E(A)z,z) +e. This is also lim,,j (¢h(T)z,z). So for p close enough
to A, we get

(E(p)e,2) < (ph(T)z,2) < (pA(T)2,2) + & < (BN, ) + 2=,

This gives us a spectral family for 7. If a < p < A < b, then

E(p, Al == E(\) = E(n) = WO lim[py,(T) — @}y (T)].
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This gives us
TE(n, X = WOm T(g)(T) — ()] = WO lim[(t - (£ (¢) — @hi(1))(T)].

Now
11 Gt my < Hen () — @A) < A (uas/n]

Taking the weak operator limit, we get
pE(p, A) < TE(u,A) < AE(u, A).
Nowleta=X g < A1 << Ap=0b. Then

I = E(B)
= (E(A) = E(An—-1)) + -+ + (E(M) — E(Xo))
= FE(a,\M]+ EM\, ]+ + E(Ap—1,0].

Multiplying by T', we get
T = TE((I, )\1] + TE()\l, )\2] + -+ TE()\nfl, b]
So we get

D AABNL, A ST <Y NE(A1, A
=1 =1

This gives
> Xt (Biy, Az, z) < (T, ) < X (B(Aioy, Aila, o)
=1 =1

These are partial sums in the definition of the Riemann-Stieltjes integral. So taking the
limit as max; |[A; — Ai—1| — 0, we get

(T, z) = / N (BN, 7).
This completes the proof of the spectral theorem.

1.2 Borel functional calculus and spectral measure

How far can we take this functional calculus? Here is another method which allows us to
extend to all Borel functions. Assume we have a continuous functional calculus: f +— f(7T)
for all f € C([a,b]). Given x,y € H, consider

f= {f(T)z,y).



This is bounded by | (f(T),z,y) | < |[fllsupllzllllyll. So there exists some p,, € M([a,b])
such that ||psyll < |z|llyl| and (f(T)z,y) = [ fduzy. So given g bounded and Borel,
define

Qy(r,y) = /gdﬂﬂmy'

This is bilinear in z,y and bounded: |Qq(z,y)| < |lgllllz||||y]l. At each step, our con-
struction is symmetric in z,y, so Qg(x,y) is symmetric in z,y. Now define ¢g(T") by
(9(T)z,y) = Qg(z,y). We can now define, as before, 1_ \/(T).

The advantage of this method is that we can also define E(A) := 14(7T) for all A €
B([a,b]). We can now show that

e Every E(A) is a projection.
o E(ANB) = E(A)E(B).
o E(@) =0, and E([a,b]) =1I.
e E(U,An) =2, E(Ay).

This gives a spectral measure, which has the properties of a measure but takes values
in projections. More advanced versions of the spectral theorem use this approach.
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